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We presenta new approachfor the direct (and correcy calculationof thermalrate constantk(T)
(“direct” meaningthatoneavoidshavingto solvethe state-to-stateeactivescatteringoroblem,and
“correct” meaningthat the method containsno inherentapproximations The rate constantis
obtained from the long time limit of the flux-position correlation function, C; (t), whose
calculationis madeefficient by taking advantagef the low rank of the flux operator.Specifically,
the tracerequiredto obtainC; (t) is evaluatedoy a Lanczositeration procedurewhich calculates
only the nonzeroeigenvaluesThe propagatiorin complextime,t.=t—i#% 8/2, is carriedout using
a ChebychewexpansionThis methodis seento be both accurateandefficientby applicationto the
Eckart barrier, the collinear H+H, reaction, and the three-dimensionalD+H, (J=0)

reaction.© 1995Americanlinstitute of Physics.

I. INTRODUCTION

A long-standinggoal of our researctgrouphasbeenthe
developmenbf waysto calculaterateconstantgor chemical
reactionsdirectly, i.e., without havingto solvethe complete
state-to-state@eactivescatteringproblem, yet still correctly,
i.e., without inherentapproximation.Thatis, we seekto de-
velop rigoroustheoreticalapproacheshat are the outgrowth
of ideasfrom transitionstatetheory (TST), which is a very
useful (though approximate)approachto determiningrate
constants'directly.”

Ourinitial efforts"2in this directionfocusedon the ther
mally averagedate constank(T) for bimolecularreactions;
a formally exact quantumexpressionfor the rate was de-
rived, and this was useful, for example,in showingthe na-
ture of the TST approximationandin suggestingnoreaccu-
rate quantum mechanical versions of TST. Later? this
rigorousrateexpressiorwaswritten in termsof reactiveflux
autocorrelatiorfunctions(that are similar, thoughnot identi-
cal to earliersuchexpressionsbtainedby Yamamotd), and
a numberof groups°~*°(including ours) haveusedthis for-
mulation asthe basisfor practicalcalculations.

More recently our attentionshifted to the “direct” cal-
culationof the cumulativereactionprobability (CRP),N(E),
which is definedas

N(E)= 2 |Sy, (B, (L.1)

Np.Ny

andin termsof which the thermalrate constantis given by

k(T)= ! ) f:dEe"BEN(E),

2770.(T) (1.2)

whereQ, is the reactantpartition function per unit volume
and B=1/k,T. {Sometimes,usually for unimolecularreac-
tions, oneis interestedn the microcanonicakate,k(E), the
averageatefor a giventotal energy,andit is givenin terms

of the CRPhy
K(E)=[2mfp,(E)]"*N(E), (1.3)

J. Chem. Phys. 102 (19), 15 May 1995

0021-9606/95/102(19)/7409/9/$6.00

where p, is the density of reactantstatesper unit energy

Equation(1.1) is of coursenot a “direct” expressiorfor the
CRP sinceit requiresthe S-matrix elementsfor transitions
from all the energeticallyopenreactanstates(n,} to all such
product states{n,}. The following “direct” expressionfor

the CRPwasobtained® however,asa by-productof the flux

correlationfunction analysis,

N(E)= % (27h)2 [ FS(E—H)FS(E—H)], (1.4)

whereF is a flux operator(definedwith respecto a dividing
surfacewhich separateseactantsfrom product$ and H is
the total Hamiltonianof the system A practicalimplementa-
tion of Eq. (1.4) wasachieved®?! by representinghe micro-
canonicaldensityoperatoras
- 1 .

5(E—H)=—;Im(E+ie—H)’l, (1.5)
wheree is a potentialenergyoperatowhich enforcesoutgo-
ing wave boundary conditions. Such absorbing(empirical
optical, negativeimaginary) potentialshave beenusedby a
numberof worker€?~%"in a variety of contextsA very effi-
cient computationajproceduré® basedon this approachhas
beendevelopedandappliedto severalchallengingproblems,
e.g., a full dimensional calculation of N(E) for the
H,+OH—H,0+H reaction?® {We note that anotheruseful
implementationof Eq. (1.4) hasbeenachieved® by repre-
sentingthe microcanonicadensityoperatoras

1/2

[e-aH-E)’M (1.6)

~ o
5(E—H)=(T

for « sufficiently smallandM sufficiently large}

In the presentpaperwe return to the problem of the
direct determinationof the thermal rate constantk(T), for
threereasonskFirst, if onewishesto havek(T) itself, andis
not primarily interestedn N(E), asis typically the casefor
bimolecularreactionsthenit is clearlydesirableto be ableto
computeit for the temperatureof interestand not have to
computeN(E) over a rangeof E in orderto carry out the
Boltzmannaveragen Eq. (1.2).

© 1995 American Institute of Physics 7409


https://0021-9606/95/102(19)/7409/9/$6.00
https://reaction.29

7410

A secondreasonfor refocusingon k(T) is thatits calcu-
lation (vide infra) is ableto avoid introducingthe absorbing
potentiale discussedboveregardingeq. (1.5).Althoughthe
useof absorbingpotentialshasmadeit possibleto carry out
the N(E) calculationsnotedabove,their usedoesintroduce
numericalconvergencearametersnto the calculationthat
onewould be quite happyto avoid. The k(T) calculationcan
bypassthe use of absorbingpotentialsbecauset is carried
outin the time domainandthusinvolvesthe time evolution
operator,exp(—iHt/%), whereasthe energydomaincalcula-
tion of N(E) involves the Green’'sfunction G*(E). These
two operatorsare relatedby

G*(E)=(E+ie—H)? (1.7a)

:(ih)—1Jxdtei(E+i%—l:|)t/h' (1.7b)
0

andoneseeshat the absorbingpotential e is neededso that
thet—oo partof theintegrandin Eq. (1.7b)is dampedj.e., it
providesa long time cutoff. When carrying out the t-space
calculationfor k(T), howeverit is easyto incorporatealong
time cutoff without using absorbingpotentials—onesimply
stopsthe calculationat finite t.

Thethird reasorthatwe havereturnedto the calculation
of k(T) is thatsomeof thetricks thathavebeenlearnedfrom
doingthe N(E) calculation“directly” canbe carriedoverto
the k(T) calculationand provide a more powerful approach
thanearlierones.In particular,we evaluatethe quantumme-
chanicaltraceexpressiorfor k(T) (videinfra) usinganitera-
tive Lanczosprocedureanalogousto that usedby Manthe
etal.?8 for the N(E) calculation.The low rank of the rel-
evantoperatorgreatly reducesthe numberof operationsof
the time evolution operatorthat are required.

Sectionll first summarizeghe relevantflux correlation
expressiondor k(T) that we use.Sectionlll describeghe
computationaldetails of the presentmethod,and then Sec.
IV presentsresultsfor the one-dimensionaEckart barrier,
the collinear H+H, reaction, and the three-dimensional
D+H, reactionfor J=0. We compareto previousexactcal-
culations and discussthe accuracyof the presentmethod.
SectionV concludes.

II. FLUX CORRELATION FUNCTIONS: REVIEW OF
THE RELEVANT FORMULAS

We beginwith the expressiorfor the exactthermalrate
constanderivedpreviouslyby oneof us' in termsof a quan-
tum mechanicatrace,

1 -

kK(T)= = tr(e” #"Fp). (2.1)

Qr

Here Q, is the reactantpartition function, F is the symme-
trizedflux operatofin the original formulationk(T) is given
asthe real part of the right-handside of Eq. (2.1) with the
unsymmetrizedlux operatol, andg is a projectionoperator
onto “reactive space.” This expressionis very intuitive in

that it gives the rate constantas a thermal averageof the
reactiveflux througha surfacedividing reactantsand prod-

ucts. This is analogougo the expressiorfor the exactclas-
sical rate constant,
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1
kCL(T)=WIdpf dge #HPI [ f(q)]

NLAICUN

g m (2.2)

which is the thermal averageof the classicalreactive flux
througha surfacef(q)=0 dividing reactantdrom products.
x(p,q) is the “characteristicfunction” which takesthe value
1 for reactivetrajectoriesand O for nonreactivetrajectories.
This playsthe samerole in the classicalexpressioras does
¢ in the quantummechanicalexpressionfEq. (2.1), which
projectsonto the reactivepart of the Hilbert space.

As notedby Tromp and Miller,® the projectionoperator
can be representedn many ways. For the purposeof this
discussionwe considera one-dimensionabarrier problem
with the barrier at s=0. The reactantsare definedby s<0
andproductsby s>0, andp is the momentunconjugateo s.
In the original formulationthe projectionoperatorwastaken
to be

5= lim e—iﬁt/ﬁ,h(b)eiﬁtm’

t—o

(2.3)

whereh is the Heavisidestepfunction, h(¢)=1 for £&>0 and
h(£€)=0 otherwise.This operatorselectsout those compo-
nents of the basis which have momentumin the positive
direction at t——o. Miller, Schwartz,and Tromp® showed
that this projection operatorand one basedon the position
stepfunction,

é = lim e_”:'t/ﬁh( _ ’é)eil-]t/h,

t—oo

(2.4)

are equivalentin the long time limit indicated.This latter
projectionoperatorselectsout thosecomponent®f the basis
which were on the reactantside of the barrier at t— —oc.
Clearly both of these operatorsproject onto the reactive
space.

Using the projection operatorsin Egs. (2.3) and (2.4),
andthe property[H,»]=0, the exactthermalrate constant
canbe expresse@s

1 R TR - ~
k(T)= =~ lim tfh(p)e''c/"Fe M/ h(p)],

r t—o

(2.5a)
or equivalentlyas

k(T)= = lim tfh(—§)eMc/"Fe Mic/th(—-3)],
rt—ow

(2.5b)

where we have combinedthe propagatorswith the Boltz-
mannoperatornto obtaina singlepropagatoin complextime,
t.=t—ipB#h/2, andalsousedthe propertyof the stepfunction
h(&)*h(&) = h(&) in orderto expresk(T) asthe traceof
an Hermitianoperator.From theseexpressionsve definethe
flux-momentumcorrelationfunction

Cra(t)=tiTh(p)eM e/ Fe e ih(p)], (2.6a)
andthe flux-position correlationfunction
Cro(t) =tr[h(—8)eMte/ME g TRt in(—§)], (2.6b)

so that the thermalrate constants given by
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1
— lim Ci4(1).

rt—ow

k(T)= 2 im Crp(t) =

r t—o

(2.6¢)

In addition to these correlation functions Miller,
Schwartz,and Tromp® derived a flux-flux autocorrelation
function

Cri(t) =tr(FelMte /i Ee—iHte/h), (2.7a)
anda left—right correlationfunction
Codt) =t h(—3)eMt /P h(3)e Htc/Ph(—3)],  (2.7b)

in termsof which the rate constantcanalso be expressed,

d
k(T)= = J Cs(t)dt= I|m Cedt). (2.7c)

Qr QI’ tng
One expectsthe flux-position and flux-momentumcorrela-
tion functionsto be most efficient since one only needsto
evaluatethem at a single (long) time (seeSec.llI B). The
flux—flux autocorrelatiorfunction mustbe evaluatecat many
timesin orderto computeits integral,andthe left—right cor-
relationfunction needsto be evaluatedat two or moretimes
in orderto obtainthe derivative.

Ill. DETAILS OF CALCULATION
A. Evaluating the trace

The flux operatoris of low rank;in one dimension,di-
agonalizingit in afinite basisrepresentatioields only two
nonzeroeigenvaluespne negativeand one positive, corre-
sponding to flux in the forward and backward
directions'®*31 The low rank of F implies a similar low
rank for the operatorCfs(t)

Ci(t)=h(—§)eHtc/tFeiHte/in(—3), (3.1)
thetraceof which is therateconstan{for largeenought). In
the generalmultidimensionalcasewe expectthe numberof
nonzeroeigenvaluef C;((t) (i.e., its rank) to be approxi-
matelythe numberof statesof the activatedcomplexof TST
thatwould contributesignificantlyto the partitionfunction of
the activatedcomplex.

The situationis thusanalogougo MantheandMiller's 28
treatmentof the microcanonicakase,wherethe CRPN(E)
was expressedsthe traceof a matrix/operatoiof low rank,
the numberof nonzeroeigenvaluedeing approximatelythe
number of energeticallyaccessiblestatesof the activated
complex of TST. We thus follow the same strategy as
MantheandMiller?® andusea Lanczositerativeprocedureo
computethe trace of Cfs(t) for the numberof Lanczosit-
erationsrequiredfor convergencewill only be a few more
thanthe rank of the matrix.

In the Lanczosprocedureone startswith somerandom
vector v and builds a Krylov basisby multiplying C;4(t)
successivelpntov, i.e.,

VO:V,
Vl: Cfs(t) . V0+ SO
V2: Cfs(t) . Vl+ SO,

(3.2)
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etc., where “SO” implies Schmidtorthogonalizatiorto all

preceeding/ectors.The matrix of C;4(t) in this basis(which

is produced“automatically” in the processof constructing
the basis)is tridiagonal. When the size of the Krylov basis
(i.e., the numberof Lanczositerations exceedshe rank of

the matrix, then no new basisfunctions are introducedby

further iterations, and the eigenvalues(and therefore the
trace) of the matrix in the Krylov basisare the exactones
(i.e., the sameasthosein the original, perhapsmuch larger
basis).

B. Propagation in complex time

When applying the operator/matrixf:fs(t) to a vector,
each operatorin C;4(t) operatessequentially (from the
right). Thus two operations of the time evolution
operator—by far the most time consuming part of the
calculatlon—exp(—|l-|| /h) andexp(n-lt*/h) arerequiredfor
eachoperationof Cs4(t).

In this paperwe have usedthe Chebychevpolynomial
expansiorof the propagatot’

— NC
e*thc/hEe*thc/hz (2_5 O)iin‘] AHtC
n "\ 24
n=0
H-H
"WAH/2)
whereH is the Hamiltonianmatrix in somefinite basis,N, is
the order of the highestChebychevpolynomial, the J,, are
Besselfunctions,andthe T,, arethe Chebychewpolynomials
obtainedby the recursionrelation
Th1(X)=2XT,(X) =Ty 1(X). (3.4)

AH is the spectralrangeof the Hamiltonianand H is the
averagevalue of the Hamiltonian. Specifically,if \n,.x and
Amin @rethe largestand smallesteigenvaluef H, then

XT (3.3)

AH=Nmax— Nmin» (3.52)
and

— Amact Ami

sz. (3.5b)

In caseswhere the Hamiltonian can be stored in core
memory,we explicitly diagonalizethe Hamiltonianto obtain
Nmin @nd N\payx- Whenthis is not the case(as for the D+H,
reactionin Sec.IV C), we estimate\,;, and\,,,, from alow
orderLanczoscalculationusinga sparseHamiltonianmatrix
multiply.

The numberof Chebychewolynomialsneededdepends
on the spectralrangeandthe propagatiortime. This relation
occursbecausethe Besselfunctions becomeexponentially
dampedasthe ordern becomedargerthanthe argumentin
our casethis implies the guideline

AH|t|
2%
The Chebychevexpansionfor the propagatorprovides

severaladvantagesilt is an efficient representatiorand al-
lows one to combine the operationof the time evolution

N> (3.6)
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operatorand the Boltzmann operator. Intermediateresults
andrestartingarenot required We are primarily interestedn
the caseof largemultidimensionakystemswvherethe Hamil-
tonian matrix cannot be stored directly. The Chebychev
propagationonly requiresthe storageof threecomplexvec-
tors,andonecanmakeuseof a sparsematrix multiplication
routinefor applyingthe Hamiltonianmatrix onto a vector.

C. The flux operator

The flux througha dividing surfacedefinedby f(q)=0 is
given by

F=1{s[f(a)Ins-p+p-neslf(a)1}, (3.7)

wheren; is the unit vectornormalto the dividing surfaceand
p is the momentumoperator.However, this flux operator
may be equivalentlyexpresseds

-~ | ~

F=5 [H.N(f(@)]. (3.8)
We note that thesetwo expressiongor the flux operatordo
not haveidenticalnumericalpropertiesin an L2 basisrepre-
sentationWe havechosento usethe form in Eq. (3.8) be-
causeit is more straightforwardlygeneralizedo higher di-
mensionsandis easilyappliedwith a sparsematrix multiply
routine as mentionedabove.

D. The basis set

We have chosen to use a discrete variable
representatiofi > asour finite basis.Specificallyin the ex-
amplesshownin Sec. IV we have usedthe sinc function
DVR of Colbertand Miller®® in all casesexceptfor the Ja-
cobi anglein the three-dimensionaD +H, reaction.For the

Jacobianglewe haveuseda symmetrizedGauss—Legendre

DVR. Thesincfunction DVR hasevenlyspacedointswith

the grid spacingAx determinedby the maximum kinetic

energyin the problem.We have thus usedthe thermal de
Broglie wavelengthand a grid constant,Ng, to determine
AX,

~1/2

=N |77 (3.9)

Ng
For the presentapplicationswve havefound Ng=10-14 to be
sufficientlylarge.The 1D kinetic energymatrix elementsn a
sinc function DVR can be expressedn closedform3® In
addition,in the DVR the potentialenergyis approximateds
a diagonalmatrix with the diagonalelementsequalto the
potentialevaluatedat the specifiedDVR point. The greatest
advantagehowever,is the fact that the Hamiltonian matrix
for a multidimensionalsystemis sparseThis allows oneto
usea sparsematrix multiplication of the Hamiltonianwithin
the Chebychevalgorithmwhenthe size of the matrix is too
largeto be storedin the core memoryof the computer.

In the presentformulationwe needto evaluatethe DVR
matrix elementsf the flux operator,F. The flux operatoris
easilyevaluatedn the form describedn Sec.lll C. Thatis,
the matrix elementsof the flux operatorin the DVR are
given by
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i
Fiir=7 Tirlh(sp)—h(s)], (3.10)
whereh(s;) is the stepfunction evaluatedat the jth DVR
point,andT; ;- is the kinetic energymatrix.

IV. RESULTS

In orderto demonstratehe utility of the presentmethod
we haveappliedit to threetest casesthe one-dimensional
Eckartbarrier,the two-dimensionatollinearH+H, reaction,
andthe three-dimensionaD+H, reactionfor J=0.

A. The Eckart barrier

As a startingpoint, we haveappliedthe presentmethod
to the one-dimensionakEckartbarrier,

V(s)=V, sech(s/a), (4.1)

with V(=0.425eV, a=0.734a.u.,and a massof 1061 a.u.
Theseparametersnodel the collinear H+H, reaction.The
basisis specifiedoy Ng andQ ax- Qmax definesthe extentof
the basis;the DVR grid is truncatedfor |s|> Qnax-

Below we investigatethe efficiency of the flux-position
correlationfunctionsto computethermalrate constantsFor
completenessye havetestedthe Lanczosschemefor com-
puting rate constantsusing the flux—flux, left—right, and
flux—momentumcorrelationfunctions. The numberof non-
zeroeigenvaluess roughly the samein all casesTherefore,
using Cy(t) and C¢((t) is lessefficient sincethey mustbe
computedat more than one time. We havefound the flux—
momentumcorrelationfunction to have poorerconvergence
propertiesthan C;¢(t), makingit lessdesirable.

For simplebarriercrossingreactionssuchasthe present
examplespneexpectghatC;(t) will reacha constantvalue
(a “plateau”) attimeson the orderof #, giving the correct
rateconstantAt longertimes,reflectionfrom the edgeof the
grid gives spurious results. Thus, we determinethe real
propagationtime, t, by specifyinga unitlesstime factor, 7,
accordingto the relation

t=1hp. (4.2)

The numberof Chebychewerms,N,, depend®n the propa-
gationtime and canalsobe specifiedby a singlefactor, 7,

AH|t|
AT (4.3)
In order to evaluatethe efficiency of the method,we are
interestedn examining(1) the time neededo reachthe pla-
teauvalue of the correlationfunction, (2) the grid size nec-
essaryto obtain a reasonablywide plateauperiod, (3) the
numberof Chebychewvterms neededin the expansion,and
particularlyimportant,(4) the numberof Lanczositerations
necessaryo convergethe rate constant.

Figurel showstherateconstanbbtainedfrom C;4(t) as
a function of t for (a) T=200 K, (b) T=300 K, and (c)
T=1000K for differentgrid sizes[k(T;t)=C;4(t)/Q,(T)].
Note that the plateaubeginsaround25 fs for T=200K and
around 18 fs for T=300 K, while for thesetemperatures
hpB~38fs and25fs, respectivelyln contrastfor T=1000K
the plateauoccursat aboutt=10 fs while #8~7. This be-
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FIG. 1. Thermalrate constantk(T;t) for the one-dimensionaEckartbar

rier calculatedasa function of time from the flux-position correlationfunc-
tion for (a) T=200K, (b) T=300K, and(c) T=1000K. In (a) resultsare
shownfor grid sizesof Q,,,=7.0a.u.(solidline), 8.0a.u.(dashedine), and
9.0a.u.(longdashedine). In (b) grid sizesof Q,,,=5.0a.u.(solidline), 6.0
a.u.(dashedine), and7.0 a.u.(long dashedine) areshown.And (c) shows
resultsfor grid sizesof Q,,,,x=4.0a.u.(solid line), 5.0 a.u.(dashedine), and
6.0 a.u. (long dashedine).

havior haspreviouslybeenobservedoy Tromp and Miller®®
in the flux—flux autocorrelatiorfunction. At highertempera-

tures,the plateautime depend®n thetemperature-dependent

dynamicsof crossingthe barrier, while at lower tempera-
tures,the rateis dominatedby tunneling.However,the tun-
neling time dependsstrongly on the barrier frequencybut
only weakly on the temperaturgas shownfor the harmonic
barrierby Miller, Schwartz,and Tromp’).

For all temperaturesve seethat the plateauregion may
be extendedy makingthe grid larger.This is particularlyan
issueat lower temperaturesBecausewne havea Boltzmann

7413

distribution of translationalenergies,at low temperatures
thereis a contributionfrom energiesabovethe barriereven
thoughthe rate is dominatedby tunneling. Reflectionfrom
the edgesof the grid occursat thesehigher energieswhich
crossthe barrierat timeslessthanthe tunnelingtime. Thus,
lower temperaturesequiregrids which extendfartheraway
from the barrier.In Fig. 1(a), for T=200 K with Q,,,=7.0
a.u.,agrid of 31 DVR pointsis necessary-or Qn,,,=8.0and
9.0 a.u. at the sametemperature35 and 39 DVR pointsare
required, respectively. At T=1000 K, 39 DVR points are
requiredfor Q.»=4.0a.u.,49 pointsfor Q,,,=5.0a.u.,and
59 pointsfor Q,,,=6.0 a.u.We notethatthe grid sizesnec-
essaryfor thesecalculationscomparefavorably with those
usedby Seidemarand Miller? for direct calculationsof the
cumulativereactionprobability.

For all the resultsshown,we haveusedn=1.3 to deter
mine the numberof Chebychewerms.We havefoundthisto
give accurateesultswhile minimizing the computationakf-
fort. Fortheresultsshownfor the Eckartbarrierin Fig. 1 we
have useda maximumof about230 Chebychewterms (for
1000K at the longesttimes. The numberof Lanczositera-
tions neededis 4 for all but the lowest temperaturesThis
impliesarankof 2, asanadditional? iterationsareneededo
insure the trace is converged.At lower temperaturesap-
proximately 10 eigenvaluesare needed.This is due to our
choiceof the form of the flux operatorAs discussedibove,
it is possibleto expressthe flux operatoras a dyadic®! so
C:(t) will be of rank 2 at all temperaturesEquation(3.8)
doesnot guaranteehis low rank, but we havechosento use
it becauset is more easilyappliedto higherdimensions.

B. Collinear H+H,

The collinear H+H, reactionservesas a standardtest
problemfor reactivescatteringnethodsandpresentsis with
the first stepto treatingmultidimensionalkystemsAn accu-
rate potentialenergysurfaceexists® and many exactcalcu-
lations are availablefor comparisort}1#1°

We haveuseda DVR grid in the normal mode coordi-
nates(q,,q,) of thetransitionstate.In thesecoordinatesthe
optimum dividing surfaceis definedby g,=0, whereq, is
the asymmetricstretchand q, is the symmetricstretchnor-
mal mode.Theraw grid is truncatedaccordingto an energy
cutoff; if the potentialenergyata givenDVR pointis greater
than a specifiedcutoff energy,V, thenthat DVR point is
discardedThe grid is alsotruncatedin the asymptoticreac-
tantand productvalleysin the following manner:pointsare
omitted if the translationalJacobicoordinate,R(q;,q,) is
larger than a specifiedvalue, R,,,x. The reactantpartition
functionis given by

1/2
Qr(T>=(ﬁ) S e b, (4.4)

where u is the reducedmassassociatedwith the relative
translationof H and H,. The ¢, are the vibrational energy
levelsof H, calculatednumerically.

Figure 2 showsthe time dependencef C;(t) for dif-

ferent grid sizesfor (a) T=300 K, (b) T=500 K, and (c)
T=1000K. At 300K, the convergences virtually the same
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FIG. 2. Thermal rate constantsk(T;t) for the collinear H+H, reaction
calculatedas a function of time from the flux-position correlationfunction
for (a) T=300K, (b) T=500K, and(c) T=1000K. In (a) for T=300 K

results are shown for grid sizes of R,,,,=6.0 a.u. (solid line), 6.5 a.u.
(dashedine), and 7.0 a.u. (long dashedline). In (b) and (c) grid sizesof

Rmax=5.0a.u.(solid line), 5.5 a.u. (dashedine), and 6.0 a.u. (long dashed
line) are shown.

asfor the Eckartbarrier;the plateaubeginsaround18 fs and
is lengthened by increasing the extent of the grid. Fe500
K and T=1000K the plateaubeginsaround15 fs (£8~15
fs) and 13 fs, respectively.This is a slightly longertime at
1000K thanfor the Eckartbarrier.Again, for the lower tem-
peraturesthe time is determinedoy the tunnelingtime.
The size of the DVR grid for the resultsshownvaries
from 82 pointsfor R,,;,=6.0 at 300K to 364 for R,,,=6.0
andT=1000K. Realistically,oneneedsa grid of around100
points at 300 K, 150 points for 500 K, and 300 points for
1000K to obtain convergedresults.This is on the order of
the size of the basisusedby Seidemarand Miller2° for cal-
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TABLE I|. Thermalrateconstantsor the collinearH+H, reactionin unitsof
cm molecule?s™.

k(T)

Temp. (K) Preserit Ref. 11 Ref. 15
300 4.82 4.821 4.82
350 18.2 18.96
400 54.3 54.69
500 254 252.9 252
600 724 726.3
700 1576 1574
800 2853 2848
900 4573 4557

1000 6703 6692 6680
1500 2.29(4% 2.21(4)
2000 4.76(4) 4.20(4)

&Calculatedfrom Eq. (2.5).
The numberin parentheses the powerof 10.

culating cumulative reaction probabilities. The number of
Chebychevterms neededfor the propagationin complex
time was lessthat 700 for all cases.However,around300
termsare usually sufficientfor convergence.

Table | comparesthe results obtained from the flux-
position correlationfunction with the resultsof Rom et al.*!
and Brown and Light.® The rate constantsgiven are ob-
tained by averagingthe results obtained at severaltimes
within the plateauperiod. For all temperatureshown the
averagedvalue is within 1% of the result for eachtime
within the plateau.We notethat at highertemperatured is
necessary to use a largég,;, as more of the potential energy
surfaceis sampledAs in the caseof the Eckart barrier, at
lower temperaturesve needa larger grid. The agreement
betweenthe previousresultsand our presentmethodis ex-
cellentover a wide rangeof temperatureshoughour results
are higherthanthoseof Brown and Light*®> above1000K.

It is interestingto examinethe structureof the eigenval-
uesof C;,. Tablell showstypical setsof eigenvaluesob-
tainedat differenttemperaturesThe patternis similar to that

TABLE Il. Eigenvaluesf the é,s operatorfor differenttemperaturesThe
eigenvalues have been divided by Q,(T) and are in units of
cm moleculé?! s™%. Only eigenvaluesvith absolutevaluegreaterthan0.001
arelisted.

300K 500K 1000K 1500K 2000K
59251 377.572 7 759.253 23872.925 43925.841
0.852 8 3.508 359.960 2203.398 8 866.303
0.409 8 0.026 4 16.542 51.169 1545.173
0.1853 0.990 7.421 254.994
0.0215 0.026 7 0.938 53.182
0.0035 0.063 19.687
0.489
0.158
—0.270
—0.0025 —0.051 —14.112
—0.0059 —0.094 —3.431 —41.140
—0.016 4 —0.462 —21.274 —139.343
—0.087 6 -0.0179 —5.206 —108.782 —520.493
—0.136 4 —0.258 —77.623 —763.604 —1233.238
—2.1842 —122.604 —1360.776 —2691.187 —5244.550
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seenby Mantheand Miller?® in the eigenreactiomprobabili-
ties. Namely, as the temperaturds raisedmore eigenvalues
contributeto the rate, correspondingo more statesof the
activated complex which are now energetically (or ther
mally) accessibleAlso, asthe temperaturencreasesthe ei-

genvalues associated with a given state increase, representing

an enhancemenof the rate through that state. We have a
different casethan Mantheand Miller 2 becauseC;, is nota
positive definite operator. Thereforewe have both positive
and negativeeigenvaluesThe rateis given by the cancella-
tion of the negativeeigenvaluedy the larger positive ones.
This is consistentwith the propertiesof the flux operator
discussedaboveandin moredetail by Parkand Light. 234

C. Three dimensional D+H, for J=0

Recently there have been several exact®®’ and

approximaté® calculationsof the thermal rate constantfor
the D+H, reaction.Theseprovide the opportunityfor usto
testour methodon a full three-dimensionatystem.

We have calculatedthe thermal rate constantsfor the
D+H, reactionfor total angularmomentum,J=0, on the
LSTH (Ref. 36) potential energy surface.We have useda
DVR basisin the Jacobicoordinateof the reactantarrange-
ment.We denotethe coordinatessR, thedistancefrom D to
the center-of-massf H,, r, theH, bonddistanceandy, the
anglebetweenR andr. A sinc function DVR is usedfor R
andr while a Gauss—LegendrBVR is usedfor y. We have
taken advantageof the inversion symmetryof H,. Thus a
separatecalculation is done for the even and odd parity
blocks of the Hamiltonian; each calculation requiresonly
half of the DVR grid pointsin the y coordinate.The total
rate constantis obtainedby addingthe even(p=0) and odd
parity (p=1) resultstogetherwith the proper(1:3) nuclear
spin weightings,

K(T)=Kp=0o(T) +3kp=1(T). (4.5)

The samereactantpartition function as Mielke etal.*’ is
used,

i 3/2
= i —Bey
QM= 5475 { ,-Eeven(ZJ +1)e P

+3 >, (2] +1)eﬂfv,jl, (4.6)

v.j odd

whereu is the reducedmassassociatedvith R andthe{e, ;}
are the energylevels of the isolatedH, diatom (calculated
numerically).

The basissetis definedby the parameterdNg, N, p,
Veut, @Nd R,y Thegrid constantNg, determineshe num-
ber of points per thermalde Broglie wavelengthfor the R
and r coordinates(See Sec. Ill D). N, is the number of
Gauss—LegendrBVR points usedfor the y coordinatebe-
fore symmetrizationand p definesthe parity of the calcula-
tion. If the potentialenergyat a DVR point is greaterthan
V. that point is discarded.The grid is truncatedin the as-
ymptoticreactanwalley if thetranslationalacobicoordinate
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FIG. 3. Thermal rate constantsk(T;t) for the three dimensionalD+H,
reactioncalculatedas a function of time from the flux-position correlation
functionfor (a) T=300K, (b) T=500K, and(c) T=1000K. In (a) results
areshownfor grid sizesof R,,,=6.0a.u.(solid line), 6.5 a.u.(dashedine),
and 7.0 a.u. (long dashedine). In (b) and (c) grid sizesof R,,,,=5.0 a.u.
(solidline), 5.5a.u.(dashedine), and6.0 a.u.(long dashedine) areshown.

is greaterthan R, It is similarly truncatedin the product
valley by the samecriterion, howeverthe Jacobicoordinates
of the productarrangemenére used.

Figure 3 illustratesthe plateauperiodfor the D+H, re-
action for(a) T=300 K, (b) T=500 K, and(c) T=1000 K. In
this caseat T=300K the plateaubeginsat 22 fs andat 20 fs
for T=500 K, both are slightly longer times than for the
collinear H+H, case.At T=1000 K, the plateau begins
around22 fs, significantlylongerthanfor collinearH+H, or
the Eckart barrier. The grid sizes for both temperatures
(Rmax=6.0a.u.for 300K, andR,,,,,=5.0a.u.for 500K and
1000K) are comparablego thoseneededor calculatingthe

J. Chem. Phys., Vol. 102, No. 19, 15 May 1995


https://line!.In

7416

TABLE lIl. Thermalrate constantdor the three-dimensionaD+H, (J=0)
reactionin units of cm® molecule* s™*.

k(T)

Temp. (K) Preserit Ref. 37 Ref. 16
300 1.07(-17) 8.17(—18) 9.2(—18)
500 5.15(—16) 5.22(—16) 5.6(—16)
700 2.96(—15) 3.00(—15) 3.2(—15)
900 7.66(—15) 7.59(—15) 8.1(—15)

1100 1.36—14) 1.33(—14) 1.4(—14)
1300 1.96(—14) 1.94(—14) 2.1(—14)
1500 2.50(—14) 2.53(—14) 2.7(—14)

&Calculatedfrom Eq. (2.5).

cumulativereactionprobability. At the highesttemperatures,
about20 Lanczositerationsare neededo convergethe rate
constant.For all temperaturegshe number of Chebychev
termsnecessarys lessthan 1000.

Tablelll comparegheresultsfrom the flux-positioncor-
relation function to the resultsof Mielke etal.®” and Park
andLight.!® As for the collinearH-+H, results,the rate con-
stantsgivenin thetableareobtainedby averagingheresults
obtainedat severaltimes within the plateauperiod. For all
temperatureshownthe averagedvalueis within 2% of the
resultfor eachtime within the plateau.The presentmethod
givestherateconstanin excellentagreementvith theresults
of Mielke etal.®’ for temperaturesibove300 K. At 300 K
the rate is overestimatedby the presentmethod by about
30%.

V. CONCLUDING REMARKS

We haveintroduceda new methodfor calculatingther
mal rate constantsefficiently and directly via the flux-
positioncorrelationfunction. This methodtakesadvantagef
the low rank of the flux operatorto expresghe thermalrate
constantasa sumof the eigenvalue®f the thermalreactive
flux operatorThe eigenvaluesreevaluatedisinga Lanczos
schemewhich allows the calculationof only thoseeigenval-
ueswhich arenonzerocandcontributeto therate. The neces-
sary propagationin complextime, t.=t—i% /2, is accom-
plishedin one step by an efficient Chebychevpolynomial
expansion.Solving the problemin the time domain avoids
the necessityof empirical absorbingpotentials. We have
testedthis new methodon three realistic benchmarkprob-
lems, the one-dimensional Eckart barrier, the two-
dimensional collinear H+H, reaction, and the three-
dimensionalD+H, reaction for total angular momentum
J=0. These applicationshave demonstratecthat a small
numberof eigenvalueslo contributeto the thermalratecon-
stant, and that the presentmethodis indeed efficient and
accurate.

Finally, we note very interesting recent work by
Manthée”® that usesa similar approactto thatdescribechere,
i.e., a Lanczosprocedureto evaluatethe trace of the flux-
position correlationfunction to obtain the thermalrate “di-
rectly.” Thereare, though,significantand interestingdiffer-
encesin the specificsof how this is carriedout.
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